A sinh transformation has recently been proposed to improve the numerical accuracy of evaluating nearly singular integrals using Gauss-Legendre quadrature. It was shown that the transformation could improve the accuracy of evaluating such integrals, which arise in the boundary element method, by several orders of magnitude. Here, this transformation is extended in an iterative fashion to allow the accurate evaluation of similar types of integrals which have more spiked integrands.
Introduction
Implementation of the boundary element method requires the accurate numerical evaluation of integrals of the form
where it is assumed that −1 < a 0 < 1 and 0 < b 0 ≪ 1. The function f is assumed to have some singularity (i.e. pole or branch point) when its argument is zero, that is, f has singularities at points z 0 andz 0 where z 0 = a 0 + ib 0 . Although the integral I is not singular, since we are assuming that 0 < b 0 << 1, it is said to be a "nearly singular" integral. The function g is assumed to be "well behaved". Here, three particular forms of the function f will be considered; say f 1 (r) = ln r, f 2 (r) = 1 r , f 3 (r) = 1 r λ
where r 2 = (x − a 0 ) 2 + b 2 0 and λ > 0 is not necessarily an integer.
Numerical evaluation of integrals of the above forms has received considerable attention over many years [1, 2, 3, 4, 5, 6, 7] . These studies are all based on Gauss-Legendre quadrature but either use a polynomial transformation of the Gauss-Legendre integration points or split the interval of integration at the "nearly singular point", a 0 , and apply transformations in each subinterval.
Recently a transformation, based on the sinh function, was introduced to evaluate nearly singular integrals [8] . One advantage of this new transformation is that it automatically incorporates the position of the nearly singular point a 0 into the transformation, as well as the distance b 0 from the source point to the element. It was also demonstrated that the sinh transformation provided a significant improvement over the untransformed use of Gauss-Legendre quadrature and could be applied to a wide variety of problems.
It was also mentioned in [8] that the sinh transformation performed better on "nearly weakly singular integrals" than it did with "nearly strongly singular integrals". In the context of this paper, a "nearly weakly/strongly singular integral" is defined as an integral which would in fact be weakly/strongly singular if the source point was on the element over which the integration was being performed. These integrals are characterised by integrands which are continuous over the range of integration, but which exhibit a high narrow spike around the nearly singular point a 0 .
With the above considerations in mind, this paper introduces an iterated sinh transformation which is applicable to nearly strongly singular integrals. It is shown that the iterated sinh transformation can further reduce relative errors in the numerical evaluation of nearly strongly singular integrals by several orders of magnitude.
In the next section the iterated sinh transformation is introduced and several of its properties discussed. Section 3 then considers several examples where zero, one and two iterations of the sinh transformation are used, as well as two existing transformations, and compares their relative errors.
Finally, Section 4 makes some recommendations as to the use of the iterated sinh transformation.
The Iterated Sinh Transformation
For the integral I of (1) the sinh transformation has been defined previously [8] as
It then follows that
and
Upon choosing
it turns out that −1 ≤ x ≤ 1 maps into −1 ≤ u ≤ 1 so that, from (1),
For appropriate forms of the function f the integrand will have singularities where
In the complex plane there are an infinite number of solutions of this equation, but the nearest singularities to the interval (−1, 1) are at z 1 andz 1 say, where
with
It has been shown [9, Theorem 3.4 ] that the points z 1 andz 1 are "further away" from the interval (−1, 1) than are the original points z 0 andz 0 so that applying the same n-point Gauss-Legendre quadrature rule is likely to lead to smaller truncation errors than for the original integral.
It would therefore appear reasonable to apply this approach again and define an iterated sinh transformation by letting
where
The Jacobian of this transformation is now
and, from (8), the integral I becomes
since, from (11), µ 0 a 1 − η 0 = 0 and µ 0 b 1 = π/2. The singularities of appropriate forms of the function f will now be even further removed from the interval of integration (−1, 1) than before, so that n-point Gauss-Legendre quadrature should be even better.
The idea behind a transformation technique for evaluating nearly singular integrals is to shift the integration points to regions where the integrand exhibits a spike. As discussed previously in [8], the sinh transformation automatically accounts for the nearly singular point and its distance from the interval of integration. Figure 1 shows the effect the transformations (3) and (12) Hence, for an integral which is nearly strongly singular, it would be expected that the second iteration of the sinh transformation would more accurately evaluate the integral but, as we shall see in Section 3, this is not always the case.
Results and Discussion
To demonstrate the accuracy of the above transformations, several example integrals will be evaluated.
The numerical values obtained will be compared to exact values in terms of the relative error defined
where I numerical is the value obtained for the integral using the indicated numerical method and I exact is the exact value of the integral. The integrals in subsections §3.1 and §3.2 can be obtained analytically using the tables of integrals [10, 11] . Their values are given in Table 1 integration points, respectively, were used on each subinterval in the Ma and Kamiya transformation so that in both cases there is an additional function evaluation.
Nearly Weakly Singular Integrals
Consider the numerical evaluation of the integrals
The integral I 1 is nearly weakly singular in the sense of the definition given in Section 1. However, although the integral I 2 with b 0 = 0 is actually a Hadamard finite-part integral, in this context it will be considered to be nearly weakly singular in the sense that the transformation (3) removes the nearly singular, or spiked, behaviour of the integrand. 
where µ 0 and η 0 are given by (6) and (7), respectively, with a 0 = 1 4
. The integral now contains an integrand which has had its spike removed. In this case, one iteration of the sinh transformation is sufficient. Table 3 shows similar results for the integral I 2 . Again, two iterations of the sinh transformation generally lead to inferior results. The reason here is that one iteration of the sinh transformation results in the integral
for which the integrand contains no spike. Again, one iteration of the sinh transformation is sufficient.
Nearly Strongly Singular Integrals
These examples are more difficult to evaluate accurately numerically than those of the previous section in that the near singularity cannot be removed by the transformation. Also, the spike in the integrand is considerably narrower and higher than in the previous examples, suggesting that more integration points should be clustered around the nearly singular point. Similar results are shown in Tables 5 and 6 for the numerical evaluation of the integrals I 4 and I 5 , respectively. In both cases applications of one and two iterations of the sinh transformation lead to similar levels of improvement to that shown for the numerical evaluation of the integral I 3 .
Boundary Element Derivative Examples
Finally, consider the integrals of derivatives of the logarithmic boundary element kernel
where Γ e is the arc of a unit circle subtending an angle of 10 where a is the position of the nearly singular point and b the distance to the element. Using the quadratic basis function g(ξ) = 1 − ξ 2 , the integrals become (using the ideas described in [8])
Accurate evaluation of these integrals requires a larger number of integration points (even with the transformations) due to the oscillations present in the integrands. 
Conclusions
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